In this paper, the authors consider the following fractional boundary value problem for impulsive fractional differential equations:
where α ∈ (1/2, 1], 0 = t 0 < t 1 < t 2 < · · · < t n < t n+1 = T, f : [0, T] × R × R → R and 
Introduction
Fractional calculus has applications in many areas including fluid flow, electrical networks, probability and statistics, chemical physics and signal processing, etc. For details, see [-] and the references therein. In recent years, there are many papers dealing with the existence of solutions of nonlinear initial (or boundary) value problems of fractional equations by applying nonlinear analysis such as fixed point theorems, lower and upper solutions method, monotone iterative method, coincidence degree theory. However, up to now, there are few results on the solutions to fractional boundary value problems that are established by the variational methods; see, for example, [-] . It is often very difficult to establish a suitable space and variational functional for fractional boundary value problem, especially for the fractional equations including both left and right fractional derivatives.
For the first time, Jiao and Zhou [] showed that the critical point theory is an effective approach to tracking the existence of solutions to the following fractional boundary value problem (BVP for short): From then on, problem (.) and its related forms have been further studied by researchers, see, for example, [-], and interesting results on the existence of solutions, such as one nontrivial solution, three solutions or infinitely many solutions, were obtained by using the variational methods and the critical point theory.
On the other hand, impulsive boundary value problems for differential equations were intensively studied by topological methods over the past decade. Such problems appear in mathematical models with sudden changes of their states in population dynamics, pharmacology, optimal control, etc. [] . The existence of solutions of impulsive problems was also treated by the variational methods and critical point theorems (see [-] ). The pioneering work in this direction is the paper of Nieto and O'Regan [] , where the secondorder impulsive problem
is studied by the minimization and the mountain pass theorem.
Investigating the impulsive problems for fractional equations via variational method is interesting. Recently, Bonanno et al. [] and Rodrínguez-López and Tersian [] first studied the following Dirichlet boundary value problem for fractional differential equation with impulsive effects:
where α ∈ (/, ],  = t  < t  < t  < · · · < t n < t n+ = T, f , I j and a are continuous functions. Under the condition  < a  ≤ a(t) ≤ a  , the authors obtained the existence results of at least one solution or three solutions by using the minimization and three critical point theorem.
More recently, Nyamoradi et al.
[] investigated the following impulsive fractional boundary problem: T] a(t) = m > -λ  , the author proved the existence of at least one solution or infinitely many solutions by using critical point theory and variational methods.
In this paper, the authors consider the following fractional boundary value problem for impulsive fractional differential equations:
Owing to the occurrence of the fractional derivative 
by using the mountain pass theorem, we can obtain one solution u  corresponding to the above BVP. Repeating this step, we will find a sequence {u n }, which will converge to a solution of BVP (.).
The paper is arranged as follows. In Section , the authors present some necessary preliminary facts that will be needed in the paper. In Section , the authors establish the existence of nontrivial solutions for BVP (.) and give one example to show the effectiveness of the result obtained.
Preliminaries
To apply the variational method with the iterative technique to the existence of solutions for BVP (.), we shall state some basic notations and results, which will be used in the proof of our main result. 
where n - ≤ γ < n and n ∈ N. In particular, if  ≤ γ < , then 
, R) with respect to the weighted norm
As in [], we note the following.
 is a reflexive and separable Banach space.
Moreover, if α > /p and /p + /q = , then
According to Lemma ., we can also consider the space E α,p  with respect to the equivalent norm,
In this paper, we consider problem (.) in the context of the Hilbert space
 furnished with the norm u α = u α, as defined in (.). Note that, under certain conditions imposed on the function a, we also consider the inner product
α , which induces the norm
this is equivalent to u α, as defined in (.).
Definition . A function u ∈ {u ∈ AC([, T])
: 
and the boundary condition u() = u(T) =  holds.
Definition . A function u ∈ X
α is said to be a weak solution of problem (.) if, for every v ∈ X α , the following identity holds:
By a discussion similar to [], we can obtain the following lemma.
Lemma . The function u ∈ X α is a weak solution of (.) if and only if u is a classical solution of (.).
For the following BVP:
The following two lemmas are established in [] .
Lemma . Suppose that  < α ≤ . Then each eigenvalue of problem (.) is real and, if we repeat each eigenvalue according to its multiplicity, we have
In particular, λ  can be characterized as 
As in the proof of Lemma  [], we can take
To establish our result, we consider the function φ w : X α → R for any fixed w ∈ X α as follows: s, y) ds. Similarly to [] , by the continuity of a, f and I j , the functional φ w is clearly continuous and differentiable on X α and for every u, v ∈ X α , the following relation holds:
For convenience, we state some necessary definitions and theorem.
Definition . ([])
Suppose that X is a Banach space and φ ∈ C  (X, R). We say that φ satisfies the Palais-Smale condition if any sequence {u n } ⊂ X such that φ(u n ) is bounded and φ n (u n ) →  as n → ∞ possesses a convergent subsequence in X. 
Then τ is a critical value of φ, that is, there exists u
Definition . ([])
We say that φ satisfies condition (C) if, for any {u n } ⊂ X, {u n } has a convergent subsequence if φ(u n ) is bounded and ( + u n ) φ (u n ) →  as n → ∞.
As shown in [], a deformation lemma can be proved with condition (C) replacing the Palais-Smale condition and it turns out that the mountain pass theorem holds true under condition (C).
Main result
For convenience, we first list the following conditions which will be used in this paper.
. . , n, and ω > ,  < ζ < ,  < ω j < , j = , , . . . , n, such that
(H  ) There exist nonnegative functions p, q ∈ L  , and constants a j > , j = , , . . . , n, such
K and K is described as in the sequel.
We give some notations which will be used in the sequel:
etc., are described as in (H  )-(H  ).
We are in a position to state our result as below.
Theorem . Suppose that   < α ≤ , inf t∈[,T] a(t) = m > -λ  and the conditions (H  )-(H  ) hold. Moreover, assume that P  <  and
Proof The proof is divided into five steps.
Step . For any fixed w ∈ X α with w ≤ K . Take
, then, for any u ∈ X α with u ≤ δ  , it follows from Lemma . and Lemma . that |u(t)| ≤ δ for all t ∈ [, T]. Thus, by (H  ) we have
and therefore
Thus, in view of Lemma . and Lemma ., we have
where
Hence, by (.), we have
Owing to the fact that γ > , γ j > , j = , , . . . , n and ξ > , we can choose ρ small enough so that
for any u ∈ X α with u = ρ.
Step . We show that φ w satisfies (C) condition, i.e., for any {u n } ⊂ X α has a convergent subsequence if {φ w (u n )} is bounded and ( + u n ) φ w (u n ) →  as n → ∞. Let
Then by (H  ), we have
Thus, by Lemma . and Lemma ., it follows from (.)-(.) that
Hence, noting that the assumption  < σ , σ j < , μ >  and the fact that {φ w (u k )} is bounded and φ w (u k )u k →  as k → ∞, from inequality (.), we see that {u k } is bounded in X α . So, in view of the reflexivity of space, there exists a subsequence {u k j } with u k j u ∈ X α . For simplicity, we still denote {u k j } by {u k }. It follows from Lemma .
Owing to the fact that φ w (u k ) → , u k u as k → ∞, and boundedness of the sequence {u k -u}, we get
as k → ∞, because of the continuity of f and I j , j = , , . . . , n, and the fact that
Thus φ w (u) satisfies the condition (C).
Step . We will show that there exists a point u * ∈ X α with u * > ρ satisfying φ w (u * ) < .
In fact, let M j = max ≤s≤J |I j (s)|, then by (H  ) we have
As before, for the choiceū  =   u  ∈ X α ,  = u  , ū  = , and
for any τ > . Since  < ω j < , ω >  and T  (u  (t)) ω+ dt > , from the above inequality, we see that there exists a τ  >  large enough so that φ w (τ ū ) <  with τ ū > ρ. Let u * = τ ū , then φ w (u * ) <  with u * > ρ. Also, obviously, φ w () = . Now, applying Lemma . (the mountain pass theorem), we see that there exists a point u ∈ X α satisfying φ w (ū) =  and φ w (ū) ≥ α  > .
Step . We show that we can construct a sequence {u n } ∞ n= in X α satisfying that
First, for a certain u  ∈ X α with u  ≤ K , by the conclusion proved in Step , we know that there exists a point u  ∈ X α such that φ u  (u  ) =  with φ u  (u  ) ≥ α  . We claim that
In fact, by the previous proof in
Step  and noting that we have (.), we obtain
Applying the Young inequality, we havē
Thus, summing up the above discussions () and (), we always have
On the other hand, because
and
and by a discussion similar to (.), we have
 m and the formulas
By use of the Young inequality, similarly to (.), we get
for all v ∈ X α , i.e., φ u * (u * )v = . This means that u * is a weak solution of BVP (.). Similarly, we can prove that lim x→∞ φ u n- (u n ) = φ u * (u * ). Because φ u n- (u n ) ≥ α  > , we conclude that 
